







































THE ASYMPTOTICS OF THE LAPLACIAN
ON A MANIFOLD WITH BOUNDARY II
Thomas P. Branson
y
, Peter B. Gilkey
z
, Dmitri V. Vassilevich

Abstract. We study the fth term in the asymptotic expansionof the heat operator
trace for a partial dierential operator of Laplace type on a compact Riemannian
manifold with Dirichlet or Neumann boundary conditions.
x1 Statement of results
Let M be a smooth compact Riemannian manifold of dimensionm with smooth
boundary @M: Let V be a smooth vector bundle over M and let D be a partial
dierential operator of Laplace type on C
1
(V ): There exists a unique connection




If  2 C
1
(V ); let 
;m
be the covariant derivative of  with respect to the inward
unit normal. Let S be an endomorphism of V j
@M



















Let B = B

S
denote either boundary operator; we set S = 0 for Dirichlet boundary
conditions to have a uniform notation. Let D
B
be the operator dened by the
appropriate boundary condition. If F is a smooth function on M; there is an



















(F;D;B) are locally computable; see [6] for details. We computed a
n
for n  4 in [3]; we have changed notation slightly from that paper. In this paper,
we compute a
5
if the boundary is totally geodesic. If the boundary is not totally
geodesic, the second fundamental form L enters and the combinatorial complexity
becomes formidable. In this setting, we also obtain a result by restricting attention
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to regions in R
m










for the Laplacian 
0
on functions with pure Neumann or Dirichlet boundary con-
ditions. In the Neumann case, this coecient plays an important role in the work
of Gursky [7] on compactness of isospectral sets in planar domains. The determi-
nation of this coecient was, in large part, the original motivation for the present
paper.
We adopt the following notational conventions. Let indices i; j; ... range from 1




g for the tangent bundle
of M: On the boundary, let indices a; b; ::: range from 1 through m   1 and index
a local orthonormal frame for the tangent bundle of the boundary; let e
m
be the
inward unit normal. We adopt the Einstein convention and sum over repeated
indices. Let R
ijkl
be the components of the curvature tensor of the Levi-Civita
connection on M: With our sign convention, R
1212
is negative on the standard



























be the endomorphism valued components of the curvature of the
connection on V , and let L
ab











Let `;' denote multiple covariant dierentiation with respect to the Levi-Civita
connection of M and let `:' denote multiple tangential covariant dierentiation on
the boundary with respect to the Levi-Civita connection of @M ; the dierence
between these two is measured by the second fundamental form. When sections
of bundles built from V are involved, `;' will mean r
M
















since there are no tangential indices




do not agree since the index a is also
being dierentiated. Since L and S are only dened on the boundary, these tensors
can only be dierentiated tangentially. Let dx and dy be the Riemannian volume















































































































































As mentioned above, if @M is not totally geodesic, the number of invariants be-
comes unmanageable; the general formula involves 63 additional terms; see Lemma
5.1 for details. However, if we restrict to the Laplacian 
0
on functions with Neu-
mann or Dirichlet boundary conditions, assume M is a domain in R
m
; and set
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example [3, Lemma A.1 (b)]. Consequently, if the curvature tensor R vanishes,



















































































Remark:. The constant e
+
1
is of particular interest as it controls certain compact-
ness estimates for Neumann boundary conditions and plays an important role in
theorems of Gursky [7]; it was not previously known and its determination was
one of the primary goals of this study. The value of e
 
1
was previously known; see





















: See also related work by Bordag et al [2].
Here is a brief outline to the paper. In x2, we recall some functorial properties of
the invariants a
n
(), and recall the calculation of a
n
for n  4: In x3, we compute a
5
for the special case m = 1; this is an important step in the general case. In x4, we







it is fairly lengthy; details are available from the authors. In x5, we prove Theorem
1.2. x6 is an appendix in which we give some variational formulas used elsewhere
in the paper.
x2 Functorial properties








normal covariant derivative. There exist invari-
















The interior invariant a
n
(x;D) is homogeneous of order n in the jets of the
symbol of D and vanishes for n odd; it is independent of the boundary condition
chosen. The boundary invariants a
n;
are homogeneous of order n     1:




and D = D
1













































(y;D;B) with respect to a Weyl basis, the coe-
cients depend on the dimension m only through a normalizing constant. They
are independent of the dimension of V:









(1; D;B) = (m   n)a
n
(F;D;B):
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(1; D;B) = a
n 2
(F;D;B):
























8) Let m = 1 and let b 2 C
1









































Remark. Assertion (3) is a bit formal; it is best illustrated by reference to Theo-
rems 2.4 and 2.5 below which express a
n
for n  4 in terms of a Weyl basis.
There are two additional properties which we shall need which were not dis-
cussed in [3]. The rst relates certain coecients in a Weyl basis for Neumann
boundary conditions to the corresponding coecients for Dirichlet boundary con-
ditions. Suppose that
~
M = N  S
1
and that V is the trivial line bundle. Let
T (y; ) = (y; ) dene an involution of
~
M where  2 R=2Z= S
1
is the usual
periodic parameter. Let M = N  [0; ] 
~
M and let F be a smooth function on
~
M which is preserved by T: Let e
m









































(y; ) = A
a
(y; ); B(y; ) = B(y; ):
Let B

denote pure Neumann and Dirichlet boundary conditions so that S = 0:
Lemma 2.2. We adopt the notation established above. Let n be arbitrary and let











Proof. Let F be an even function. Since D is invariant under the involution T; we
may decompose the eigenfunctions ofD on
~
M into the even and odd eigenfunctions.
The even eigenfunctions satisfy pure Neumann boundary conditions on M ; the odd
























We equate coecients of t in the asymptotic expansions of both sides of this equa-
tion. The interior integrals cancel since on the left hand side we are integrating
over [0; ] twice and on the right hand side we are integrating over [ ; ]: There
are no boundary integrals on the right hand side so the boundary integrals on the














))g[@M ] = 0:
Since we may specify the N

(F ) arbitrarily for  even, the desired vanishing theo-
rem now follows. 
In the next Lemma, we shall restrict to the case n = 5 in the interests of clarity
and note that there is a more general principal applicable.
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Lemma 2.3. When a
5
is expanded in a Weyl basis, the coecients of the follow-






























) is real so the coecients of the terms listed above must be real. On
the other hand, if r is unitary with respect to some ber metric on V and if E and
S are self-adjoint, then D
B






) is real. We take
V to be a line bundle; 
 is pure imaginary in this context. Thus the coecients
must be pure imaginary as well and hence must vanish. 
We refer to [3] for the computation of a
n















































































































































































































































































































































This section is devoted to the calculation of a
5
in the one dimensional case; this
forms the foundation for our later computations. We restrict to scalar operators;
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Remark. If we set F = 1; this agrees with Theorem 3.4 of [5].





































































Let M be the interval [0; ], and set S = 0. Double the interval to obtain a copy




































: No conclusion can be
drawn about the terms involving S since we have set S = 0: Also, no conclusion can
be drawn about the term involving E
;m
since this will vanish for an even function.
This shows that the general formula for a
5








































































































= 96; and b
9
= 24: Next let D() = D  F: Then
















It now follows that b
1
= 24 and b
+
2



















































We now adopt the notation of Lemma 2.1 (8). LetM = [0; 1] and let b 2 C
1
[0; 1]























:We take Dirichlet boundary conditions for D
1
and modied Neumann




; this means S = b: We assume F vanishes
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a
5























































































































































This leads to the equations
Term Equation Term Equation
b
4










































































x4 Totally geodesic boundary
This section is devoted to the proof of Theorem 1.1. We assume for the remainder
of this section that the boundary of M is totally geodesic. We begin the proof of
Theorem 1.1 by expressing a
5
in terms of universal expressions with undetermined
coecients. Note that 5760 = 15  384 = 16  360:
Lemma 4.1. Suppose the boundary of M is totally geodesic. There exist universal




















































































































































Proof. Since the boundary is totally geodesic, we may interchange `;' and `:' as
convenient. We write down a basis for the space of invariants using H. Weyl's
theorem. The only tricky part of this analysis is the study of terms of order 4 in
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We can use previous results to determine many of the coecients in a Weyl
spanning set:
1. We use Theorem 3.1 to determine the coecients of the following expressions
which do not involve 








































(1; D   I;B) = a
3
(1; D;B); this enables




from the expression for a
3
given in Theorems 2.4 and 2.5.






















































































+ :::g=(4  384):



















; still to be determined, of course, is the coecient of 
;mm
.





to evaluate the coecient of S in a
5;1
, and to evaluate the coecient of  in
a
5;2
; the cross terms arise when (p; q) = (2; 3).




) = (2; 2) and compute the cross terms involving the curva-
ture tensor in a
5;0













































 8  5760=(6  384) =  20.






with our normalizing sign convention for






since this term vanishes under the hypothesis of Lemma 2.2.
We conclude the proof of Lemma 3.1 by studying the terms which are linear in
the second covariant derivative r
2
R of the curvature tensor. We must set some of














: If none of the indices i

are equal to m; we must contract 3 pairs of
indices. The usual argument then shows this result is a multiple of 
;ii
: Thus we can
restrict our attention to the case where either 2 or 4 of the indices i

are equal to
m: If 4 of the indices are equal to m; we get a multiple of 
mm;mm
: In the remaining
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We complete the proof of Theorem 1.1 by evaluating the constants which appear
in Lemma 4.1. We will not compute c

1
as this requires somewhat dierent tech-
niques; details are available from the authors upon request. This term vanishes for
the scalar Laplacian in any event.
Let D() = e
 2f
D; S() = e
 f
S; F () = e
 2f





preserve the condition that the boundary is totally geodesic. If m = 7; we use























(F;D) in terms of independent
integrands and derive the system of equations


































































































































































































x5 Domains in flat space
In this section, we complete the proof of Theorem 1.2. We drop the assumption
that the boundary of M is totally geodesic; thus \:" and \;" dier. Lemma 4.1
generalizes to this context to become
10 T. BRANSON, P. GILKEY, AND D. VASSILEVICH
Lemma 5.1. Suppose the boundary of M is smooth but not necessarily totally
geodesic.



























































































































































































































































































































































































































































































































































































































































Proof. We write down a basis for the space of invariants using H. Weyl's theorem.
We use Theorem 1.1 to evaluate the coecients of the expressions not involving
the second fundamental form L; we also Lemma 2.1 (2) to evaluate other coe-
cients using suitable product formulas. The following invariants can be expressed
























can also replace `;' by `:' in some expressions at the cost of introducing additional
lower order terms involving the second fundamental form. Thus, for example, by























This completes the proof of 1).
To prove 2) and 3), we suppress the coecients of F and F
;mm
and we suppress
terms of length greater than 1 in the coecients of F
;m
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We have to be a bit careful since we have not used linearly independent mono-
mials in the variational formulas in x6. Also, and equally importantly, we must
integrate by parts in computing certain integral invariants. We apply Lemma 2.1
















The information in the tables below uses information from x3 and from the appendix
in x6; the sum of each column multiplied by the appropriate entry and coecient is


















































270 0 2:5  5 0 2:5
F
;mmmm
45  14  4  8  9  4
F
;mmm
























 6  3 0 0 0


































60 0 0 0  12  12
F
;mmmm
























 6  3 0 0 0
We can now proceed with our study. We set m = 2; set F = 1; and suppress all




















































































12 T. BRANSON, P. GILKEY, AND D. VASSILEVICH









from the tables given below; the
variational formulas used to create these tables are contained in x6. We also apply
the results of x3 to evaluate certain of the coecients. 
























(f; )  421:875 90  292:5  810  135  540

;mm
67:5  4 2  4 0  2 0

;m






















 2  2  1 0 0 0

















(f; )  84:375 315  180  135

;mm
















 2  2  1 0
x6 Appendix (Variational formulas)
In the appendix, we present some identities used in the previous sections. In
Lemma 6.1, we recall the basic equations of structure of [3] and some other prelim-
inary results. In Lemma 6.2, we compute certain integral formulas modulo lower
order terms. In Lemma 6.3, we give some variational formulas. Additional formu-
las useful in studying manifolds with non totally geodesic boundaries are available



































































































































































































































































































We must integrate by parts in computing certain integral invariants. The fol-
lowing formulas are useful; we suppress lower order terms of length greater than


































































































We consider the variation
D() = e
 2f
D; g() = e
2f
g; F () = e
 2f
F:










be an orthonormal frame for the tangent and cotangent bundles of M with













corresponding frames for the metric g(): We remark that contraction and dieren-

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Remark. Branson and Gilkey [3, Theorem 7.2] also computed a
n
for mixed bound-
ary conditions. Their formula for a
4





= 6. Vassilevich [13] showed the correct values were 
3
=  12 and 
4
=  24.
The error in Branson-Gilkey arose from incorrectly applying the variational formula
contained in Lemma 6.3 (4), which is valid for Neumann boundary conditions, to
the more general context of mixed boundary conditions. If one were to consider









=2 and the other variational formulas involving
S in Lemma 6.3 would then need to be changed accordingly. We wish to caution
the reader concerning this point.
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